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ABSTRACT: We present a nonlocal hydrodynamic theory for flow through an adsorbed layer of
homopolymer. Our theory is based upon a multiple-scattering treatment in which the polymer is
decomposed into loops, each attached to the surface at a point and obeying Zimm dynamics. The multiple
scattering series is converted into an integral equation which we solve numerically. The dependence of
our results on the truncation procedure in the sum over Zimm modes is discussed. Unlike previous models,
which rely on a local porosity description, our theory explicitly incorporates polymer dynamics and is
hence applicable to finite frequencies and (in principle) nonlinear responses. For an isolated layer, we
present results for weak oscillatory and steady shear flows at ® conditions. We also give results for
steady flow between a pair of parallel plates coated with homopolymer, which may be relevant to the
dynamics of polymer-coated colloids undergoing hydrodynamic collisions.

1. Introduction

Adsorbed polymer layers are of substantial interest
to scientists and engineers, largely because of their
central role in colloidal stabilization.»? The understand-
ing of such layers under flow conditions is important in
several areas, e.g., flow between surfaces (lubrication,
flow in capillary tubes), flow in porous media (filtration),
and transport and rheology of polymer-stabilized col-
loidal suspensions. In the last case, it is very often the
stability of a colloid under flow conditions (for example,
in a mixing tank) that matters, rather than the purely
thermodynamic stability which would be appropriate in
the absence of flow. Crudely one can estimate the flow
stability by comparing the magnitude of thermodynamic
and hydrodynamic forces;! however, this neglects the
fact that the fluid and the polymer interact directly with
one another, so that additivity cannot be assumed. Also,
such arguments do not allow for the finite dynamical
response times of polymer chains.34

In fact, although much is now known about the
structure of adsorbed homopolymer on surfaces, there
is little detailed understanding of the behavior of these
same systems subjected to flow. Previous models of the
local fluid motion rely on a Darcy flow approximation,
where the permeability is a (ad-hoc) function of the local
segment density. The polymer is effectively regarded
as a static porous medium with the same density profile
as the original polymer layer. Models based on this type
of description neglect the nonlocal response due to
hydrodynamic coupling of the polymer to the fluid. If
a section of polymer is subjected to a drag force, this
propagates along the chain as a change in shape which
exerts forces elsewhere on the fluid. Nonlocal hydro-
dynamic effects are known to be dominant in the
dynamics of isolated polymer coils, and we expect them
to play an important role also in the adsorbed layer
problem.

Our approach to the problem of adsorbed layer
rheology sets out to calculate the hydrodynamic re-
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sponse of the polymers to the flow and, conversely, of
the flow profile to the polymer distribution. Some
preliminary results were presented in ref 5 and (for
grafted monodisperse loops) in ref 6. The present work
gives full details of the method, and reports several
extensions and checks. We include a careful examina-
tion of the convergence behavior with the number of
modes used to describe a chain; the numerical results
presented below differ in detail from those previously
reported due to improved accuracy in this respect. Our
method involves a multiple-scattering formalism based
on the work of Freed and Edwards’ for polymer solu-
tions. That formalism reproduces the well-known re-
sults of the Zimm model® but, unlike simpler treat-
ments, has a natural (if algebraically complicated)
extension to cases where translational invariance cannot
be assumed. To make progress, we have had to simplify
and restrict the calculations in several ways.

Firstly, we represent the adsorbed homopolymers as
a collection of loops, each attached to the adsorbing
surface at a single point. (The role of tails is studied
later.) By choosing a power law distribution of loop
sizes,? it is possible to mimic rather accurately the
structure expected in a real layer.

Secondly, for most of our calculations, we treat the
adsorbing wall as penetrable both to the polymers and
to fluid flow. This assumption is not important, how-
ever, since the high polymer density at the adsorbing
wall itself leads to the formation of an impenetrable
screen on which fluid motion (and hence, within our
model, polymer motion) is frozen. This is checked
explicitly in section 4.

Thirdly, we use Gaussian loops to model the adsorbed
layer, which we assume to consist of chains at the ©
temperature, in which three-body interactions domi-
nate. This model, in three dimensions, gives a self-
similar density profile!® in which polymer loops of any
given size are close to the overlap threshold with each
other. This geometrical feature is shared by the ad-
sorbed layer of swollen chains for which a Gaussian
model would, however, be less appropriate. Therefore,
we believe that our results, although restricted, yield
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insight into the general case of adsorbed homopolymer.

Fourthly, on the basis of this geometrical picture, we
allow for the Zimm dynamics of individual loops, but
ignore screening corrections which, for dense polymer
solutions, cause a crossover to Rouse-like behavior.”
Such corrections should have only marginal effects in
the layer since loops on a given scale are weakly
interpenetrating. (In fact, if they were strongly inter-
penetrating, the loops would be entangled in a way that
the Freed—Edwards theory cannot encompass.)

Finally, for numerical work we restrict our attention
to the regime of linear response, in which the perturba-
tion to the fluid motion from the presence of polymer
can be calculated without accounting for the change in
density profile of the chains arising in turn from the
fluid motion itself. In principle, a nonlinear calculation
is possible using our methods, and below we indicate
how this should be done. However, such calculations
in general require a self-consistent iteration loop which
is prohibitive with present computer resources, and we
do not pursue them here. (Recently a qualitative scaling
approach has been developed which may be able to
make some predictions in this nonlinear regime; see e.g.
ref 11.)

The rest of this paper is organized as follows: In
section 2 we describe the static decomposition of an
adsorbed homopolymer layer into a polydisperse “pseudo-
brush” of grafted loops. Section 3 describes the multiple
scattering formalism used for the dynamic problem, and
outlines our numerical procedure for calculating the
perturbed fluid velocity in the presence of adsorbed
polymer. In sections 4 and 5 we give a selection of
results, both for a single plate problem and for the flow
in a channel between two polymer-coated plates. Sec-
tion 6 contains a brief conclusion; various algebraic
technicalities are relegated to the Appendix.

2. Statics: Loop Decomposition of a Polymer
Layer

A layer of adsorbed homopolymer can be decomposed
into trains of attachment, loops between the trains, and
tails which, like loops, protrude from the surface.? We
address the issue of tails in section 3d, but for simplicity
we consider for the moment the layer to be composed of
loops alone. This should be valid in the middle part of
a layer consisting of high molecular weight chains.
Furthermore, since trains lie flat against the wall, the
hydrodynamically active part of such a polymer layer
is a collection of loops. (A loop is considered to be the
stretch of polymer between two attached adsorption
points of the polymer.) The structure, and in particular
the density profile, of the polymer layer is determined
by the loop length distribution. In this way, a ho-
mopolymer layer can be treated as a very polydisperse
pseudobrush of loops, in which loops of a given size only
marginally overlap (close to the “mushroom” regime).®

The loop size distribution can be inferred from a
knowledge of the segment density profile. In particular,
when the monomer density profile as a function of
height from the surface, ¢(z), is given by the power law

o)~z 1)

(which applies for weak adsorption, in either good or ©
conditions), the loop size distribution is then

P(L)=pL"" )

where the prefactor p is a constant with units of loops
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per unit surface area and the loop exponent 7 is given
by

=2+ v(o— 1) (3)

Here L is the loop contour length, and v is the usual
size exponent for loops (1/2 for ® conditions, 3/5 for good
solvent conditions). The amplitude of the power law
under conditions of weak adsorption is independent of
the bulk concentration. Instead, within a self-consistent
field calculation,'? the density profile in the central
region is

_ 1. 2
9(2) = 5-(z/a) @
for good solvent and

$(2) = (L8w)"*(z/a) ™ (5)

for ® conditions. We can see that the amplitude is a
function only of the excluded volume parameter, v, in
the first case, or only of the three-body interaction
parameter, w, in the latter. In these expressions, a is
the segment length. For a good solvent neither the v
dependence nor the exponent is reliable due to a
breakdown of the mean-field approach, but for the ®
solvent the self-consistent calculation should be reason-
ably accurate.’2 The front factor in eq 5 determines the
prefactor p in eq 2, which therefore depends on w (and
on a).

In this paper we study adsorbed homopolymer under
©® conditions. To control the polymer density, we vary
the coefficient p of P(L) and identify the interaction
parameter w to which this corresponds (e.g., by numeri-
cally matching the segment density profile). The power
law distributions given above are, of course, cut off by
the maximum loop size which is on the order of the
contour length of the adsorbed polymers. We say more
about the cutoff chosen in section 3. The following
model for the loop layer is now made: (1) We consider
each loop to be a Gaussian random walk starting and
ending at the same point on the surface. This is
appropriate under © conditions, but might also be used
to describe polymers in good solvent, provided the loop
distribution is adjusted to reflect the correct density
profile. (2) Although the loops are anchored at the
surface, they can pass through the surface from one side
to the other. Statically, this does not really matter as
long as the prefactor (and perhaps the cutoff) of the loop
size distribution is adjusted to maintain the correct
density profile. Dynamically, the situation is less clear,
but since (as shown below) the chain segments that lie
on the adsorbing plane are essentially frozen, the two-
sided problem studied here should be almost equivalent
to a one-sided one. (In fact, the statistics for a one-sided
Gaussian random walk can be implemented, but are
computationally more cumbersome.) (3) The constraint
that the loop ends contact the surface at the same point
could also be relaxed, for example, to model surface
migration or adsorption/desorption Kkinetics, but these
effects are ignored for our simplified calculations.

3. Dynamics

We now present an analysis of the dynamics of
anchored loops, along the lines laid down by Freed and
Edwards? for chains in solution. Formally these prob-
lems only differ in their specifications for the correla-
tions both between monomers (on a given chain) and
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also between chains. The first effect (arising because
we have loops rather than open chains) is easily
handled, whereas the second is more profound. The
chain—chain correlations in the adsorbed loop problem
violate translational invariance, and this is why we will
have to resort to a numerical calculation (section 3c).
Throughout the following, we take units where kgT =
1 and the Gaussian step length is a = (3/2)12.

In the Freed—Edwards formalism, which describes
the dynamics of Gaussian chains with hydrodynamic
interactions, the strategy is as follows: (a) Couple
chains to solvent with a no-slip boundary condition. (b)
For a given polymer configuration, calculate the associ-
ated thermodynamic force on each chain and (by New-
ton’s third law) the reaction force on the fluid. (c)
Calculate the perturbation to the velocity field arising
from this force. (d) Then use the no-slip boundary
condition to obtain a dynamical equation for the polymer
motion in terms of the perturbed fluid motion, and
preaverage. (The result of this is essentially the Zimm
equation for the polymer dynamics.) Using this equa-
tion, (e) eliminate the polymer motion from the velocity
perturbation (this involves summing over all polymers
present) and (f) express this perturbation as a renor-
malization of the Oseen hydrodynamic propagator. In
the conventional Freed—Edwards theory, this renor-
malized propagator is translationally invariant, and a
frequency-dependent dynamic viscosity can be directly
read from it. In our work, we proceed through (a)—(e),
but the renormalized propagator explicitly involves the
position of the adsorbed layer. Nonetheless, it may be
used to compute the mean flow field in the presence of
the polymer.

3.a. A Single Anchored Polymer Loop under
Flow. Consider first the spatial path of a loop, R(S)
(with R a spatial vector and s, with 0 < s < L, a
monomer index). We may write

R(s) = ZRq sin gs (6)

where Ry is the Fourier amplitude corresponding to the
nth Rouse/Zimm mode of the loop (9 = na/L; n =1, 2,
...). (Modifications appropriate for tails are detailed in
section 3d.) The local stretching of the polymer exerts
a thermodynamic (entropic) force density, o(r), on the
fluid,

a(r) = LLds O[r — R(S)[9°R(s)/957] 7
or, in a shorthand notation, by
o(r) = yDR 8
where
p=[ldsy, 9)
is the integral of the density operator, defined as
Y5 =0[r — R(s)] (10)
and
D = 9%/0s? (11)

The force field o is a reaction force on the fluid, which
must be present since an entropic force per unit length,
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—DR(s), is needed on the polymer to maintain a
deformed shape.1213

The response of a bulk fluid medium to any force
exerted upon it (by the polymer or externally) is
governed by a hydrodynamic propagator, Go, which we
take to be the usual Oseen tensor

1 1+ 7P

Gy(r) = (12)

8mng  Ir]

In fact, for the adsorbed layer problem, this is a
deliberate simplification. The true hydrodynamic propa-
gator, in the presence of a stationary wall, requires an
additional image source term to match the boundary
conditions, and is therefore more complicated than eq
12. However, as discussed previously, we expect that
the high polymer density at the surface will act to screen
out hydrodynamic interactions that penetrate from one
side of the wall to the other. Thus, when the polymer
is included, the final, renormalized, fluid propagator will
obey the required boundary condition even if the bare
one does not. Since we are only interested in the
properties of the final system, it does not matter if we
start from a model where the adsorbing surface (without
polymer) is transparent to flow. We will test our
assumption later (section 4a) by monitoring the leakage
of flow through the polymer layer.

Given our specification for Gy, if ug is the bare flow
in the absence of polymer, we have

Ug(r) = [dr G(r—r) F(r)=GyF  (13)

where from now on we use the compact notation (-) to
represent a real-space convolution. In this equation, F
represents the bare force density acting on the fluid.
This force includes external forces, such as that exerted
by a distant plate moving to produce shear flow, and
also Langevin random forces (which will generally be
ignored in what follows). Equation 13 does not include
the forces arising from the distorted polymer configura-
tions. The presence of polymer introduces an additional
force field, o, obeying eq 8, and modifies the flow to be

u=GyF + G,yDR (14)

Next, we impose no-slip boundary conditions every-
where on the polymer; that is to say, the polymer is
embedded in, and travels with, the fluid. This con-
straint can be written compactly as

R(s) = ¥y u

Introducing the Fourier-space density operator

g = (21L) [ ds (sin as)y, (15)

we obtain an equation of motion for the polymer, as
follows:

Ry = ¥q'U = 1"Gy'F + §Go'yDR  (16)

The last term on the right represents the influence of a
thermodynamic force, associated with distortion of the
polymer at one point in space, on the velocity of a section
of polymer at another point in space. Within a Zimm-
level approximation, we can preaverage the hydrody-
namic propagator using the probability distribution for
polymer conformations. After preaveraging, we expect
the hydrodynamic propagator to be nearly diagonal in
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the Rouse modes,!3 and we can write
R, = 14°GoF — (L/2)4°Go(9)R, (17)

where Go(q) = Ef(;q-Go-&;qD with the angular brackets
denoting an average over polymer configurations, and
we have identified, in q space,

D= —¢ (18)

which follows from eq 11. The average above is taken
over the distorted polymer distribution under flow. To
linear order in the flow, however, the average can be
taken over the equilibrium static polymer distribution;
an exact form is given below.

For a specified preaveraged Gy, the dynamical mode
amplitudes of the polymer can then be written com-
pactly as

~

Ry = GqqGo'F (29)
where Gq is the polymer Green's function given by
Gy = [iw + (L12)a*Go(a)] (20)

In writing the equations above, we have made use of
the linearity of eq 17 in implicitly writing all dynamical
guantities in terms of their components at an imposed
frequency, w.

So far, we have egs 19 and 20 which describe the
reaction of the polymer to an external force, F, where
the response function is inversely related to the con-
figurational average of the hydrodynamic propagator
between two points on the polymer. The next step is to
calculate the flow field u arising from F; because of the
polymer, this differs from the bare flow ug = Go*F. In
the presence of one polymer with configuration R, the
flow profile becomes

u=GyF + Gy [hqDG G, F =
n
[Go — Gy T-Gol'F (21)

where we can identify T as a “scattering” kernel, given
by (recall g = nx/L)

Nmax

T(rr)=— Z‘@q(r)Dquj)q(r')D:
[@o(r) po(r)0
™ (2iw/Lg%) + Gy(a)

(22)

Note that, in the case of static (w — 0) flow, T takes the
particularly simple form

[@y(r) Pq(r0
T(r,r) = Z—G @ (23)
n o\d

The upper cutoff in the summation is taken at Nmax(L)
= max[1, [L/a]] corresponding to a fixed cutoff length,
Omax 1, at the size of the smallest loops (=a).

The full nonlinear solution of the combined polymer
and flow distortions then involves summing the scat-
tering from many chains (see below) and finding the
self-consistent solution of the above equations. In
particular, the averaged hydrodynamic propagator
Go(q) as well as T needs to be evaluated for a chain
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distorted by the flow field. The flow field is itself,
however, determined from this distorted Go(q) as it
enters T. (Note that a self-consistent iteration is
required even though hydrodynamic screening effects
are neglected.)

Rather than attempt this task, in the rest of this
paper we will consider only the change in the flow field
to linear order in shear rate, which involves egs 21 and
22, where the angular brackets from now on represent
averages taken over the zero-flow equilibrium polymer
distribution. In this case, the preaveraged hydrody-
namic interaction can be found exactly. Indeed, for a
loop anchored at the origin (that is, a point on the
adsorbing plane which—we recall—the loop is free to
cross) the equilibrium monomer-ordered two-point cor-
relation function for the polymer is

(r r') _ L 3/2
PestoT) ’nZS(L —s)(s — s)] )

’ o 2
exp{_["_z_|_ er Lr=n } for s<s' (24)
s

-9 s'—s

and the averaged propagator Go(q) can be evaluated as

2\2 pL oL . . ,
Go(a) = Co([) S Ji ds ds' sin(gs) sin(gs’) x
S [drdr o (r.r)r —r'|

/
= (—1)”’24c0(ﬂ—6|_)l 2[72—{]0(nn/2)] foreven n  (25)

_ 6 \1/211
= (-1 1)/24C0(H) [ﬁJo(nnIZ) +

m2J,(nx/2) for odd n

where the numerical prefactor ¢y has the value 1/(677s),
which has absorbed the factor of 4/3 for isotropic
averaging of the Oseen tensor in eq 12. The asymptotic
expansion of the Bessel functions gives Go(q) ~ n~42 +
O(n=32). This expansion (when the prefactor is in-
cluded) is quite accurate for even values of n (less than
5% error); for n =1, it is about half the exact value while
for other odd values of n it differs by less than 25%. For
our numerical work, however, we use the exact expres-
sion above.

3.b. Many Loops of Different Sizes. We consider
now the case of an adsorbed homopolymer layer under
© conditions. As previously described, we build a model
of the adsorbed layer out of Gaussian loops. In that
case, the blob structure has the familiar self-similar
geometry, in which loops of a given size are marginally
overlapping. We may then expect that, in this margin-
ally correlated regime, the contributions from the
hydrodynamic scattering of many loops will tend to be
dominated by sequences of statistically uncorrelated
polymer loops. More specifically, if T, is the scattering
kernel from a loop of contour length L, and P(L) is the
number of such loops per unit surface area, then we can
define a single-scattering kernel as

T= [dLPL)T, (26)

and consider the total perturbation on the flow to be
the result of all uncorrelated sequences of hydrodynamic
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scatterings from different polymer loops, i.e.
W= [Gy — Gy T'Gy + Gy T'Gy' T*G, — ..]'F
=[1 4+ Gy T] "y, (27)

This approximation corresponds to a Zimm-model cal-
culation of the viscosity, as performed in ref 7a. There-
fore, it does not allow for any hydrodynamic screening
effects.”? We believe their omission to be appropriate
because of the marginal overlap condition. However,
we cannot exclude the possibility that a self-consistent
treatment of screening would alter our results. The
situation is rather similar to that found for the hydro-
dynamics of cross-linked fractal objects close to the
gelation threshold: in that system, too, there is a
marginal overlap condition'* and the role of screening
in the system remains controversial. In fact, it would
be very simple to solve our equations in the (extreme)
opposite limit of pure Rouse dynamics. However, in
such a model one recovers a local friction which is
certainly not accurate in the outer parts of the layer,
where the polymer density is very low. A full calcula-
tion with partial screening might be interesting, but is
beyond our present scope.

3.c. Calculation Method. Although the scattering
from a single anchored polymer is localized near the
anchoring point in the adsorbing plane, the total scat-
tering kernel from a layer obeys translational invariance
in the transverse direction. This leads to a simplifica-
tion which we now describe. Of major interest is the
case where the external term F represents distant
planes of force, chosen to give a uniform shear flow in
the absence of polymer, that is, ug(z) = ug(z)X, where z
is a coordinate normal to the adsorbing surface and x
and y are parallel ones; up is linear in z. In this case,
only the ky = ky = 0 components of T and Gg need be
retained: in a partial Fourier transform (transverse
direction only) we have for the Oseen propagator

Go(Nk —« o = (1/217)(—1z| + D)2z (28)

Here the large finite constant D (discussed below) is
proportional to the linear dimension of the plane of force
and Ty-k~o depends on the z-projection of pss(r,r"),
which is

(2.7) = L 12
Pttt ’nzs(L —s)(s' — s)] )

, I 5\2
exp{_’Z_ZJr 2 T (z —2) ]} for s <s' (29)
s L-¥¢ s'—s

In our numerical work, we start from eq 27, which
determines the perturbed flow field W= [I + Go*T] *uo
(below we drop the angled brackets) in terms of the
unperturbed flow up. In practice, we first compute the
operator Go-T as follows: we analytically perform the
convolution of Go(r)k=k~o0 With pss(z,z') and then nu-
merically take the 2-D Fourier transform on s, s'.
Dividing by 4 Go'yql) and summing over g modes,
gives, according to eq 23, Go'T(z,Z') as required. The
2-D sine transform is actually evaluated in terms of 1-D
fast Fourier transform (FFT) cosine transforms since
only diagonal terms are needed. To find u, we first
average Go'T over the chain size distribution to get
Go'T, and then construct the operator [I + Go:T] as a
matrix on a discretized z, z' grid. Typically 50 grid
points are used, although we have also performed checks
for convergence with changes in the grid spacing. This
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matrix is then inverted, and the real space convolution
with ug finally evaluated, by matrix multiplication, to
determine u(z).

Care must be taken in dealing with the large finite
constant D in Gop. In fact, in a geometry where the flow
is antisymmetric about the polymer plane, such as a
two-sided shear problem, D cancels exactly from the
final results, and can be set to zero. For confined
symmetric flows, such as Poiseuille flow between paral-
lel plates, the constraining boundary forces again cancel
any dependence of the results on the value of the
constant D. The details of the handling of this constant
in the hydrodynamic propagator are provided in the
Appendix.

Otherwise, the main numerical subtleties are con-
nected with issues of convergence in the mode sum for
T, eq 22. In particular, the FFT needs to be corrected
to be accurate to O(N—2), where N is the number of
discrete samples, as an approximation for the continu-
ous cosine transform in the domain 0 < s < L. Other-
wise, the errors on the order of O(N™1) arising from the
standard discrete FFT (which in effect performs a
rectangular sum approximation to the integral) ac-
cumulate in the mode sum to produce a spurious order
unity error. To achieve the required degree of accuracy,
we make the equivalent of a trapezoidal approximation:

s mta 19 [ 5 o) ()
J; ds cos(as) f(s)w(N)[mZOcos N f N +
%[cos(nn) f(L) — f(O)]p; (30)

where the first term on the right-hand side is evaluated
using a traditional discrete cosine FFT. With this
scheme for performing the cosine transform, we find
good convergence using 512 modes, although for the
larger loops we use more. Furthermore, we have
checked the mode convergence against analytical results
available in the low-density perturbative limit, which
we discuss below. It is found (both analytically and
numerically) in this limit that the mode sum for T
converges as N~Y2; by comparing prefactors against the
analytical results, we estimate that using nmax = 512
modes we are, for steady flows, less than 5% away from
the Npax — o limit.

3.d. Inclusion of Tails. The effect of tails can be
included by minor changes in our formalism, as long as
the length distribution for tails is specified along with
that for the loops. The fact that one end of a tail is free,
and the other bound to the surface, alters the boundary
conditions of the Rouse/Zimm modes; this can be ac-
counted for by changing the g-values of the modes from
na/L to (n — 1/2)x/L. In addition, the two-point mono-
mer correlation function is modified; it becomes

Pss(FsF") =

1 312
—2 X
a°s(s’ — s)]

exp{_"r_2 L= r)z]} for s <s' (31)
S s'—s

which also implies that the hydrodynamic matrix ele-
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ment Go(q) is altered to

6 1/2 2
GO(Q)=4C(H) [WC[(2n+l)1/2] +

-2
a(2n + 1)%¥?

where C(x) and S(x) are the Fresnel cosine and sine
integrals, respectively. The expression above for tails
is in fact numerically fairly close to that for loops,
differing by less than 30% for all values of n. It is
thought!® that the tails extend from the wall to dis-
tances on the order of the size of the polymer, and can
therefore be hydrodynamically active at the same level
as the largest loops. However, there are only two tails
per chain, and many loops, so the inner part of the layer
is not much affected. Although to include tails would
entail only trivial adjustments to the formalism, it is
not clear what proportion of tails, and what size
distribution, is appropriate: this should depend on the
molecular weight of the adsorbed chains. (Once tails
and loops are both present, the information cannot be
inferred from the segment density profile directly, as
in eq 2.) For comparison we have done some trial
calculations with tails, and discuss these at the end of
section 4a.

)n+l

S[(2n+1)*?] + (D

(—
n (32)

4. Flow near a Single Layer

We now present numerical calculations for the flow
field u in the presence of adsorbed homopolymer under
O conditions. (As stated in section 2, this corresponds
to a value of v = 2 for the loop size distribution
exponent.) Unless otherwise stated, we choose a value
of p = 10 (corresponding to a value of w ~ 0.002) for
the three-body interaction parameter, as values of p =
1(i.e.,w~0.2) to p = 10 correspond to a range of typical
coverages for marginal overlap between the smallest
loops. (However, we also study the w dependence in
detail below.) For all our calculations, we use a “squared”
discretization of the loop distribution: L = i2, with i =
1, 2, 3,... To account for the finite maximum length of
the loops in the distal regime, we impose a sharp cutoff
at L. on the loop size distribution P(L). In fact, we have
also tried an exponential cutoff of the form

P(L) = pL % exp(L/L,) (33)

with L, = 100 and further absolute cutoffs at Lmax =
529 and Lmin = 1, but the results remain qualitatively
equivalent. For the sharp cutoff and exponential cutoff
alike, the prefactor p of the loop size distribution can
be directly related to w by a matching of the density
profile. The data presented below are for a sharp cutoff
at L, = 232 = 529, unless otherwise stated.

4.a. Steady Shear Flow. We first present calcula-
tions for the case of constant gradient shear flow, as
perturbed by the presence of polymer adsorbed to the z
= 0 plane. We consider a two-sided problem in which
the flow is antisymmetric about z = 0 for the flow
profiles (with the polymer density symmetric); our
graphs only depict the flow for positive z. Since linear
response is assumed, the scale of the velocity is fixed
by the asymptotic shear gradient associated with ug; we
take this arbitrarily to be unity in the plots.

Convergence with Mode Number. Plots for sev-
eral values of nnax, the number of g modes counted for
the largest loops, are shown in Figure 1 to illustrate
the degree of convergence. Results are plotted on linear
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Figure 1. (a, top) Fluid velocity u(z) in an adsorbed polymer
layer placed in a steady shear field. The layer coverage is
given by p = 10 and the upper loop cutoff L, = 529. Plots for
values for nmax = 8, 32, 128, and 512, the number of g modes
used, are shown to illustrate convergence, with nmax = 128 and
Nmax = 512 nearly indistinguishable on the scale of the figure.
(b, bottom) The same on logarithmic axes. Again, Nmax = 128
and nmax = 512 are nearly indistinguishable.

Iog1o[RH(°°) - RH]

Iog10(nmax)

Figure 2. Convergence of the hydrodynamic thickness, Ry,
with Nmax to an extrapolated Nmax — o limiting value of Ry()
= 9.46a. The line is a best linear fit to the differences from
Ru(e), and has a slope of ~—0.67. Results are for the layer
corresponding to Figure 1.

(Figure 1a) and logarithmic (Figure 1b) axes. As stated
above, a value of p = 10 is used. It is notable that the
slope of the plot in the inner region is characterized by
an exponent, y (defined by u(z) =~ z¥), which is close to
2.0, and independent of the mode cutoff when this is
large. This result, which is also independent of w as
shown below, appears robust. Moreover, the amplitude
of the power law is expected to be well converged by
Nmax = 512 modes, as is supported by the fact that the
Nmax = 128 and nmax = 512 curves are nearly indistin-
guishable on the scale of the graph. Figure 2 illustrates
the dependence of the hydrodynamic thickness (which
is the z intercept of the far-field asympotote to u(z)) on
the mode number for the same parameters. We have
assumed the convergence to a presumed limiting value
proceeds as a power law (as is known to be the case in
the perturbative low coverage limit), and have fit our
results accordingly. We find a value of Ry ~ 9.46a in
the limit of nmax — o, with convergence scaling as
Nmax 287 (illustrated in the plot by a best linear fit to
the data).
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Figure 3. Dependence of the hydrodynamic thickness Ry on
(a, top) the loop size cutoff L. and (b, bottom) the areal density

p.

In the perturbative limit, the response is dominated
by single scattering, and so we can write the hydrody-
namic radius simply as

Rit = 1U(e) — ()] = Gofe.2) Truly

MZ)MJbUJBmz”

The convergence of the sum as n=%2 for a given loop size,
L, has been verified numerically (along with the pre-
factor), serving as a further check of the convergence
with mode number.

Hydrodynamic Thickness. On physical grounds??
we expect at fixed w the magnitude of Ry to be
controlled by the spatial extent of the largest loops,
which is on the order of L2, Figure 3a illustrates the
linear relationship between Ry and L 2. Plots at other
values of p yield equally good linear fits. The scaling
seems satisfactory, and any departure from linearity
should arise mainly from discretization error, or finite
grid effects at large values of Ry. In addition, we find
good L2 scaling for the entire velocity profile, including
the inner region, and not just for Ry, as illustrated for
two values of L. in Figure 4. This is another strong
indication that our steady-shear results are fully con-
verged. More interesting is the dependence of Ry on
the interaction parameter w, or equivalently the loop
density parameter p. Figure 3b shows the result (we
choose L. = 256): the hydrodynamic radius, though
scaling correctly with L. as just described, has a residual
weak dependence on p. The data suggest that this could
be logarithmic. It appears that within our approach the
hydrodynamic thickness may increase indefinitely with
p; although at first alarming, this may not be too
unreasonable since it does not take much polymer to
immobilize the fluid and (for Gaussian loops) there is
always some small polymer density extending to infinity
away from the wall (arising from chains that happen
to be strongly stretched). Crudely, one might argue that
Ry is defined by the point where the polymer density
drops below some small fixed value, in which case one
would have, for large p, the scaling Ry ~ (In p)¥2. The
data are more consistent with a simple logarithmic
dependence.

(34)
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Figure 4. Scaling of the fluid velocity profiles with the loop
cutoff L. shown on (a, top) linear axes and (b, bottom)
logarithmic axes. Plots are given for values of p = 0.01, 0.1,
1, 10, and 100. The data for L, = 1024 (heavy dashed line)
has been rescaled by a factor of (529/1024)'2 to illustrate
scaling with the L. = 529 data (thin solid line).

Flow Profile near the Wall. The effect of varying
the density is more strongly detectable in the velocity
profile near the wall than in Ry. Parts a and b of Figure
5 show u(z) against z on log and linear axes, respec-
tively, for various values of p. These data show that as
p is increased the flow velocity near the wall is su-
pressed, which is expected. More surprising is that the
asymptotic slope of the log plot at small z is apparently
independent of p. (This breaks down only at the very
lowest densities; we guess that for these the asymptotic
power law regime may still be present, but at z values
that are too small to be probed with the present
discretization.) Assuming this power to be p indepen-
dent, the best estimate of it can be obtained by including
large p data for which the scaling region is relatively
wide. (Data for p up to 1000 are shown.) Our best
estimate of the exponent y found in this way is

y=20+0.1 (35)

Note that this exponent does not depend on the mode
number cutoff, as shown previously.

Since T is linear in p, the apparent universality of
the exponent y suggests that, to calculate the flow in
the inner region, the operator [I + Go-T] appearing in
the equation

u=[l+Gy,T] "u,

might be approximated by neglecting the unit operator
I. If this is the case, one recovers a simple scaling: at
fixed z,

u(z) O 1/p (36)

This is found numerically to be true, as shown in Figure
6.

A Universal Scaling Behavior? The exponent y
was found above to be independent of the mode cutoff
and also independent of the physical density of the
layer. An important physical question is whether this
exponent and also the scaling eq 36 are universal
properties of adsorbed polymer layers (at the ® point),
or whether they vary with the chemical or other details
of the system.> We have therefore performed careful
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Figure 5. Flow profiles (with L. = 529) for a range of p =
0.01, 0.1, 1, 10, 100, and 1000 on (a, top) logarithmic and (b,
bottom) linear axes. Data for p = 1000 are not shown in the
linear plot. From the logarithmic plot, one finds for the near-
wall profile the exponenty = 2.0 & 0.1 apparently independent
of p (for p > 0.1).

0 ' :
L] .
2L .
3 .
N4
(]
|l
N
EREY
4
[@)]
ke,
-8 L
y
-10 . f .
-2 0 4 6

2 2
log,(pa’)

Figure 6. log—log plot of the near-wall velocity profile u(z),
sampled at z = 0.25a, versus p. The line is a best linear fit,
found to have nearly unit slope, verifying the large p scaling
of the near-wall profile u(z) O 1/p.

checks of the robustness of the above findings by, for
example, altering T by doubling the contribution of the
first mode in the sum given by eq 23. We find that the
exponent y is raised somewhat, to an effective value of
~2.5, though there is residual curvature in the plots
which suggests that they might not be in the asymptotic
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Figure 7. log—log plot of the flow profile when the first mode
counts twice in the mode sum for T in eq 23 (heavy solid line).
For comparison, the flow profile for correct (single) weighting
of the first mode is displayed as the thin dashed line.
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region. On the other hand, we still observe the scaling
for u(z) with respect to p in the inner region. This is
shown in Figure 7. The apparent influence on vy is
similar to one found below on replacing the adsorbed
layer of loops by one made entirely of tails with the same
overall density profile. These sensitivities could indicate
that the exponenty is not, in fact, universal, or it could
be that y is universal in reality, but that its calculated
value depends on some (though not all) of the details of
the model. We return to this point at the end of the
paper.

Role of Wall Permeability. As stated in section 1,
we expect our flow predictions to be unaffected by
whether the adsorbing wall is penetrable to fluid. This
is because an initially transparent wall becomes im-
penetrable when coated with polymer (whose segment
density is very large at the wall). If this is correct, then
we would expect that the effects of fluid flow or forces
exerted on one side of the wall to be undetectable from
the other side. To check this, we took the case of a bare
flow, ug(z), which is linear shear for one side and zero
for the other side. (However, to compensate for the long-
ranged force on a moving infinite slab, we closed the
flow far away into an antisymmetric back-flowing loop.)
The profile for such a flow (p = 10 and L. = 529) is
shown in Figure 8. The polymer-induced modification
of a one-sided linear shear field, ug, for z > 0 is similar
to that arising for a two-sided flow (shown as the dashed
line). (The discontinuities at +£10a are artifacts associ-
ated with the coincident discontinuities in the hydro-
dynamic forces associated with the bare flow.) This test
confirms that the flow profile on one side of z = 0 is
independent of what happens on the other; i.e., the wall
is effectively impenetrable to fluid. We have also
performed another check of the hydrodynamic screening
between the two sides separated by the polymer layer
by adding a “wall” in the form of a layer at z = 0
consisting of a huge number of small loops. Results for
a 1000-fold increase above the normal abundance of
small (L = a) loops are shown in Figure 9, confirming
our claim that results derived using the two-sided
hydrodynamic propagator are equivalent, within dis-
cretization error, to that obtained for the one-sided
problem accounting for the hydrodynamic effects of a
solid wall.

Comparison with Darcy-Type Local Porosity
Models. Previous models of steady flow through a layer
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Figure 8. Polymer layer subjected to a one-sided (split) shear
flow. (a, top) Flow profiles are shown in the absence (thin solid
line) and presence (heavy solid line) of polymer. The dashed
line is the flow profile for the two-sided shear used in previous
plots (shown for positive z only). (b, bottom) log—log plot of
flow in a polymer layer placed in one-sided (heavy solid line)
and two-sided (dashed line) shear.
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Figure 9. Flow in the presence of an additional “wall”,
composed of 1000 times the normal abundance of tiny (L = 1)
loops placed at z=0. For comparison, profiles are also shown
(thin dotted—dashed line) in the absence of the wall. Plots
for (a, top) linear and (b, bottom) logarithmic axes show that,
even without an explicit wall, the flow on one side is hydro-
dynamically screened from the other side by the existing
smallest loops.

of adsorbed polymer characterize the polymer as a static
porous medium.1%16 Depending on the assumed geom-
etry of the loops (e.g., independent segments, rods, or
coils), different functional forms for the effective local
friction, f(¢), can be adopted. The resulting effect on
linear shear flow through such a static medium can then
be determined from the Debye—Brinkman equation

d?u/dz? — f(g)u =0 (37)

which can be derived as a specific case of eq 27 by
making the association Go~! O 9,2, and restricting the
scattering kernel to be local, i.e., T(r,r") O f(¢(r)) o(r—
r'). One form for the local friction which has been used*6
is the semiempirical fit

f(6) =72 5 (38)
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Figure 10. Comparison of the flow profiles u(z) as predicted
by the current nonlocal theory (thin solid lines) with those of
the semiempirical porous medium theory of ref 16 (dashed
lines), when fit to the same value of Ry. Data are shown for
p=0.1,1,10,and 100 and L. = 529. (a, top) The plot on linear
axes shows several values of the cooperative drag parameter
c=0,0.1, 0.2, 0.3, 0.4, and 0.5, which are nearly indistin-
guishable. (b, bottom) The logarithmic plot shows good
agreement for low values of p < 1, but greatly reduced flows
for the local theory for p = 10 and p = 100. Only curves for ¢
= 0 are shown.

which gives a linear dependence on ¢ at low densities,
corresponding to a local segment friction, and the
denominator is meant to correct for many-body coopera-
tive drag effects at higher densities. Here «; and c are
phenomenological constants. A second choice has been
the dependence f(¢) ~ &(z)72, associated with drag
through a “mesh” of characteristic length £(z). For a
self-similar adsorbed layer, this results in the form

f(¢) = kp0° (39)

which in the asymptotic scaling limit (§(z) ~ z) can also
be written as f(z) = «3z72. The parameter «, controls
the magnitude of the friction; within the scaling ap-
proach to polymers its magnitude is unknown?? (though
a value on the order of unity is expected). Note that in
terms of x3 one has y(y — 1) = «3;° thus, if y is a
universal exponent, then «3 is a universal constant.
Conversely, insofar as «3 depends on the density, p
(which within a mean-field description it certainly does),
the model predicts a nonuniversal value of y. In any
case, no simple machinery exists to calculate «s.

With either of these local models, the density profile,
which is directly determinable for the distribution of
loops (including cutoffs and discretization) used in our
calculations, can be input to determine numerically the
local friction f and hence the flow profile using eq 37.
(This is a somewhat fairer comparison than using
directly the asymptotic form for the density, eq 5.) In
Figures 10 and 11, we compare the predicted flow
profiles of our method (using L, = 529 and Npax = 512)
with these local porosity methods. To eliminate the
unknown « parameters, we demand that the hydrody-
namic thicknesses agree with our own results. This
then allows the shapes of the flow profiles to be
compared in a parameter-independent way.

For the semiempirical model, eq 38, we find that the
parameter ¢ does not have a great effect on the flow
profile, once a value of Ry has been picked. Thus, the
six values of c = 0, 0.1, 0.2, 0.3, 0.4, and 0.5 plotted as
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Figure 11. Comparison of the flow profiles u(z) as predicted
by the current nonlocal theory (thin solid lines) with those of
the scaling porous “mesh” theory of ref 10 (heavy dashed lines),
when fit to the same value of Ry. Data are shown for p = 0.1,
1, 10, and 100 and L, = 529 on (a, top) linear and (b, bottom)
logarithmic axes. Note the extremely reduced flows for the
scaling theory near the wall as compared to those for the
nonlocal theory.

the dashed curves in Figure 10a are nearly coincident.
As can be seen, the flow profiles from our nonlocal model
can be fit more closely with the semiempirical form
(using a single value of «;) than with the scaling theory
discussed below, particularly for small p < 1. For the
plots of p = 10 and 100, however, the semiempirical local
model, like the scaling theory, gives flow velocities near
the wall that are much smaller than our new predic-
tions. Moreover, the behavior near the wall is not a
power law (unless ¢ = 0), as can be confirmed directly
from eq 37, in contrast to our own findings. (In Figure
10b, we only show plots for ¢ = 0, which gives the best
overall match for a single value of ¢c.) Contrary to our
own preliminary results, as previously reported,’ the fit
values of k1 were not found to vary dramatically with p:
for the data shown in Figure 10, «; varies between 0.67
and 0.81.

Within the scaling theory, eq 39, if we match Ry for
a given density profile, we find very small flow velocities
near the wall, with extremely large values of the
exponent y compared to our own predictions. This is
illustrated in Figure 11. In particular, the values of «3
= 103 deduced from these values of y are unexpectedly
large. The values of «, used to calculate the profiles,
while smaller, are still somewhat large: they range from
k2 = 460 for p = 0.01 to about x», = 18 for p = 1000.
Conversely, if one were to choose a local scaling theory
with k3 = 2, the hydrodynamic thickness for a given
density profile would be much smaller than our own.
Furthermore, in any consistent local description, this
parameter should certainly be constant, and not p-de-
pendent as found from our fits.

In summary, both of these local porous medium
theories give predictions very different from our own,
especially for the flow in the inner region, near the wall.
These comparisons, of course, do not say directly which
of the three theories is preferable. However, it is clear
that our nonlocal approach yields results that qualita-
tively differ from those of earlier, local models.

Flow Profile As Given by Streaming Potential
Measurements. The hydrodynamic thickness, which
can easily be determined by experiment, is only a
somewhat coarse measure of our predicted flow pro-
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Figure 12. Comparison of a layer composed of tails (L. =
1024; heavy dashed line) and a layer of loops (L. = 256; thin
solid line). Shown are flow profiles for p = 0.01, 0.1, 1, 10,
and 100. On linear axes (a, top), it can be seen that tails
produce a hydrodynamic thickness roughly twice that from
loops of the same mass. On logarithmic axes (b, bottom), it
can be seen that the near-wall profile decays with a slightly
higher exponent for tails than for loops.

files: it does not probe the structure of the flow within
the layer. In principle, streaming potential measure-
ments!’ can be used to probe the flow in these regions.
Specifically, by a careful enough experiment, it should
be possible to extract an estimate of the wall flow
exponent y. In streaming potential experiments, poly-
mers are adsorbed onto a charged wall and the potential
gradient along the wall is measured in the presence of
an adjacent fluid flow. The width 4 of the counterion
double layer at the adsorbing surface is controlled by
the salt concentration. In the absence of a potential
gradient, the fluid flow would convect a current of
counterions, I, obeying

10 [ dz e u(z) (40)

where A is the Debye length. To maintain charge
neutrality, a potential difference, V O I, must be set up.
Thus, in an idealized measurement, the streaming
potential is related directly to the Laplace transform of
the flow velocity profile, and is very sensitive to the
near-wall behavior. Unfortunately,'” these experiments
are difficult, and it is not at present feasible to Laplace
invert the experimental data in order to extract an
estimate for y.

Role of Tails. To allow a more direct comparison of
the hydrodynamic activity of tails to loops, we first
considered the hypothetical case of an equivalent self-
similar adsorbed layer of tails (as if all loops released
one of their contacts to produce a tail). In doing so, the
same loop mass extends a greater distance into the
solvent. Since we know that only a small amount of
polymer is necessary to perturb surrounding fluid, we
can make an estimate of the proportional effect of
replacing a loop by a tail of equal mass by considering
the extension of the farthest monomer into the solvent.
A simple calculation shows that the far end of the tail
protrudes twice as far as does the monomer halfway
around a loop from the anchoring monomer. In fact a
comparison of the flow profiles for a layer of loops with
L. = 1024, and a layer of tails with a quarter the length
(L = 256), shown in Figure 12, confirms that this simple
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Figure 13. Effect of tails on the hydrodynamic thickness, Ry.
Plotted are curves for a layer of loops as discussed in this paper
(Lc = 529, shown as the thin dashed line), and a layer where
10% of the loops have been converted to tails (heavy solid line).
For the range displayed, the effect of tails is to increase Ry by
about 15—20%.

argument is fairly accurate. Near the anchoring point,
however, the differing chain statistics between a singly
and doubly anchored polymer apparently are important.
In particular, they alter the exponent y to a value of
approximately y ~ 2.5 for a layer of pure tails. In any
real layer composed of both loops and tails, the loop
density will predominate near the wall, and hence the
loop-only value for the exponent y should prevail.

In any case, in the outer region, a low density of
longer tails can produce a noticeable change in the
hydrodynamic radius. As a rough estimate of the effect
of the presence of a minority of tails in an adsorbed
layer, we have calculated the velocity profiles for a layer
consisting of 90% loops and 10% tails, both obeying the
same power law decomposition. (This greatly overes-
timates the number of small tails, but this should not
matter far from the wall.) Figure 13 plots Ry for both
the mixed loop—tail layer and the pure loop layer, using
L. = 529 for both, for a range of p values. Over the
range p = 0.01-1000, the effect of tails is to increase
the hydrodynamic thickness by about 15—20%.

4.b. Oscillatory Shear. We now turn to a discus-
sion of finite frequency effects, again restricting our-
selves to the case of shear flow near a single adsorbed
layer. We can use the existing formalism of section 3
(which includes the frequency w as a parameter) to
study the in- and out-of-phase velocity patterns within
the layer in response to an oscillatory far-field force. The
finite relaxation time of the polymers leads to a vis-
coelastic behavior which can be quantified in various
ways. Here we choose to describe it in terms of a
complex hydrodynamic thickness.> Sens et al.18 have
recently addressed the same issues from a qualitative
(scaling) perspective; these authors prefer to use a
complex elastic modulus.

We choose time units so that tmayx, the longest (Zimm)
relaxation time of the largest loops, is unity. In terms
of previously defined quantities, we have

Tmax = 3(20)"2L¥ (/K5 T) (41)

Figure 14 shows results for the (complex) flow profile
for a polymer layer with L, = 1024 and nmax = 1024,
subjected to oscillatory flow at frequency w = 8.36. Note
the out-of-phase (i.e., elastic) response, arising from the
inner region. The intercepts shown on the figure
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Figure 14. Real (heavy solid) and (negative) imaginary (heavy
dashed) parts of the complex flow profile u(z) in an adsorbed
polymer layer (L. = 1024, nmax = 1024, p = 10) subjected to
oscillatory shear with frequency w = 8.36. Indicated intercepts
are the real (R4") and imaginary (Ry") parts of the complex
hydrodynamic thickness Ry*.

log,,(R’y)

log,,(R",)

Figure 15. Complex hydrodynamic thickness, Ry*, for the
layer corresponding to Figure 14 (L. = 1024). The top panel
shows the real part, Ry, decreasing with w, while the bottom
panel shows the nonmonotonic behavior of the imaginary part.

correspond to the real and imaginary parts of a complex
hydrodynamic thickness, Ry*(w), as we now describe.

Consider a plate held at a distance, L, far from the
(fixed) adsorbing surface, on which is exerted a tangen-
tial force, F, per unit area. In the absence of polymer,
the velocity of this plate is ug = FL (in units where the
solvent viscosity s = 1). In steady shear, the polymer
modifies this far-field velocity to u = F(L — Ry); hence,
(L — Ry)~1 can be identified as the mechanical (velocity)
impedance of the system. Continuing this to finite
frequency w defines the complex hydrodynamic thick-
ness Ry*(w) = Ry'(w) + iRy (w). In the far-field region
(L > Ry) the amplitude of the oscillatory flow response
is lul = F(L — Ry'(w)), while the phase shift is given by
arg(u) = Ry"(w)/L.

Figure 15 shows results for Ry*(w), for density
parameters p = 0.1, 1, 10, and 100. While Ry'(w)
decreases modestly until frequencies on the order of
Tmin * are reached, Ry"(w) shows an intermediate
regime for tmax * < @ < tmin~*. The ratio Ry"/Ry' shows
a rising trend in this region as an increasing number
of modes contribute to the elastic part of the response.
On general grounds, one expects a ratio on the order of
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Figure 16. Real and imaginary parts of the complex hydro-
dynamic thickness, Ry*, for various values of the upper mode
cutoff, Nnmax = 32, 64, 128, 256, 512.

unity for frequencies close to Tmax 1, although the value
found here is somewhat less (in the range 0.1-0.2).
Figure 16 shows the effects of varying the mode cutoff
on these results for a given value of the density
parameter, p = 10 (i.e., w = 0.002). The mode cutoff
has a strong effect at high frequencies but not at low
ones. At lower values of Nmax, a shoulder remains visible
in Ry™ up to wmax &~ 5, before a final drop at higher w.
This residual response up to wmax is due to contributions
from loops of length smaller than L¢/nmax, for which we
have chosen to assign nmax = 1 (one mode responding)
rather than npnax = 0 (no response whatsoever).

These results might be tested, for example, in the
standard force-machine setup in either the lateral
oscillation mode or the axial compression mode (under
a lubrication flow approximation).1® At first sight, our
findings, particularly for Ry", contradict the scaling
arguments of Sens et al.,18 who predict at high frequency
a decaying power law with frequency for both the real
and imaginary part of the hydrodynamic thickness, Ry
~ (iw)~18. It may be that for the mode numbers and
loop lengths used here we cannot expect to reach a clean
high frequency asymptote, as addressed by the scaling
theory, before effects from the upper frequency cutoff
(the Zimm time of the shortest loops) come into play.
However, we see no clear indication in the log plot
(Figure 15) of an emerging power law.

It is interesting, in any case, that the hydrodynamic
thickness, or at least its real part, is a decreasing
function of frequency. This contrasts, at first sight, with
the physical view of polymers as becoming more and
more immobile at high frequency (hence, the elastic
contribution). However, this is balanced by an effect
whereby the polymers immobilize smaller and smaller
amounts of solvent as w is increased: the imposed
frequency defines a characteristic length scale beyond
which the polymers become effectively transparent to
flow. This idea, which is the basis of the scaling
theory,’® can also be used to understand the high-
frequency rheology of free chains in solution.’® The
complex elastic modulus of such a solution is an
increasing function of frequency (G*(w) ~ (iw)%3), but
this translates to a dynamic complex viscosity, n* = G*/
iw (and hence hydrodynamic radius of the coils), which
is a decreasing function.

5. Flow between Two Plates

In this section we return to the case of steady flows,
but consider the problem of two parallel adsorbed layers
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Figure 17. Fluid velocity between parallel plates with ad-
sorbed polymer, at various interplate separations, h/a = 40,
36, 32, 28, ... Also shown is the parabolic flow between plates
without adsorbed polymer at a separation of h = 40a (dashed
line). Note that L. = 256 and p = 10 for each layer; in the
shear geometry a single such layer produced a value of Ry =
6.5a.

with a channel in between. In colloidal suspensions,
two polymer-coated particles in collision will feel a
squeeze force from a thin lubrication layer whose
properties can be strongly altered by the presence of the
polymer.! As a model of such lubrication flow, we
consider the attenuation of a parabolic flow profile
between two plates when polymer is adsorbed on both
surfaces. For simplicity we treat the layers as simply
overlapping; that is, we do not adjust the density profile
in response to the presence of a second layer. The
hydrodynamic scattering treatment includes scatterings
from one layer to another, but as in the single layer case,
screening contributions are omitted.

For uncoated surfaces, the flow is perfectly parabolic,
and vanishes at the walls (located at z = +h/2):

Ug(2) = h’14 — 22 (42)

where a prefactor of unity has been chosen arbitrarily.
The constraint of zero velocity at the walls is enforced
by introducing wall forces which counteract the stresses
arising from the flow between the plates. These forces
are determined by requiring the fluid velocity to be zero
outside the plates. Their magnitude is not fixed, but
depends on the density and separation of the polymer
layers; because of this, the solution of our equations is
more complex for the two-layer system than a single
layer. The extra constraint forces, in a real system, are
supplied by the rigid walls and oppose the drag forces
exerted on the polymer chains by the moving fluid. As
discussed further in the Appendix, this constraint of
zero fluid velocity outside the plates in fact again allows
our calculation to proceed without having to prescribe
a particular value of the parameter D appearing in the
hydrodynamic propagator Go (eq 28).

Figure 17 shows the attenuated flows in the presence
of adsorbed polymer for different separations h between
the plates. Each wall has a layer of adsorbed polymer
with L; = 256, nmax = 256, and p = 10; a single layer in
the shear geometry was found (in the previous sections)
to have a hydrodynamic thickness, Ry, of 6.5a (see
Figure 3b). In all cases the unperturbed flow profile is
given by eq 42. The parabolic flow in the absence of
polymer is shown for the largest plate separation (h =
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Figure 18. Flow profile for two plates separated by h = 40a
(same as in Figure 17; solid line), compared with the profile
for two bare walls at separation h — 2Ry (dashed line). The
thin line (in main body of graph as well as magnification inset)
shows the profile for plates with polymer separated by h =
12a < 2Ry. The rough bumps at the wall are numerical
artifacts that decrease as the spatial grid is refined.

40a or h/Ry ~ 6.1). Near the walls, the flow with
polymer present exhibits a profile reminiscent of that
in steady shear flow, while far from the walls between
the plates, the parabolic shape of the flow is recovered,
although at reduced velocities. At large separations, as
expected, the effect of the polymer is therefore to
displace inward the effective boundaries for the para-
bolic flow by a distance on the order of Ry for each
polymer layer. This result, which becomes exact for
large h/Ry, is confirmed in Figure 18, where the profile
for h = 40a is compared to the parabolic profile obtained
by shifting each wall inward by the distance Ry.
However, at smaller separations, the effect on the flow
is more subtle; indeed, for h < 2Ry, one would formally
predict zero flow at the level of a hydrodynamic thick-
ness description. Of course the flow is not zero, and the
residual permeability of the layer in the longitudinal
direction is essentially a probe of the near-wall flow
behavior. The inset in Figure 18 shows this weak flow
(also shown for comparison in the main body of the
figure) when the plates are spaced h = 12a apart. The
rough bumps at the wall boundary are numerical
artifacts resulting from the strong discontinuities in
force at the wall boundaries. These artifacts become
smaller as the spatial grid spacing is made finer.
Figure 19 shows the “blocking factor” S as a function
of h/Ry. This is defined as S = ®/d,, where ® is the
fluid flux between the plates and @, its unperturbed
value; since the calculation of u involves the same
external fluid forces as that of up (except, of course, for
the constraint forces on the plates), this ratio of fluxes
is taken at fixed pressure gradient. For h < Ry the
density profile of the polymers within each layer is
modified, but the effect should not be much different
from that of eliminating loops whose spatial size is
larger than h (there are few of these compared to the
number of smaller ones, so folding them back toward
the surface has little effect on the inner region). If so,
then a scaling argument for the flux can be made as
follows. We know that, in the inner region for shear
flow, u(z)/uog(z) ~ (z/RR)Y* (where any dependence on
the density parameter p is suppressed; we suppose p =
1). Assuming this formula still to hold in the parallel
plate geometry suggests that the blocking factor should
vary as (h/Ry)Y~1 for small values of h/Ry. Fory = 2.0
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Figure 19. Blocking factor, S, defined as the ratio of the flux
between plates with polymer to that without polymer, at
various values of h/Ry. Data are shown for L. = 256 and L. =

529. The dashed line plots the blocking factor arising from
completely impermeable layers of thickness Ry.

this is consistent with the data of Figure 19. Data from
two values of L. are shown; these fall onto a common
curve when distances are scaled by Ry. The dashed line
indicates the blocking factor Sy arising from completely
impermeable layers of thickness Ry; obviously the
difference is very significant for h/Ry < 2 (when Sp =
0), but it remains substantial up to about twice this
separation.

6. Discussion and Conclusions

We have described in this paper a systematic treat-
ment of fluid flow in adsorbed homopolymer layers
(represented as a sequence of adsorbed loops) at the ®
point. As previously discussed, the statistics of such a
layer do not differ greatly from those in a good solvent
(in particular, chains of a given size marginally overlap
in each case), and we believe our results offer a useful
benchmark model for adsorbed layers in general. Vari-
ous approximations have been made to render the
multiple-scattering formalism useable for numerical
work, which is nontrivial since the problem does not
show three-dimensional translational invariance. For
the same reason we have limited our attention to the
regime of linear response.

Our results for static flows show the expected scaling
of hydrodynamic thickness Ry with the size of the
largest loops in the layer (fixed in reality by the size of
the adsorbed chains themselves), though a residual
(logarithmic) dependence on the overall density of
adsorbed chains remains. We attribute this to the
contribution of atypical chains which stretch further
than average into the solution; for practical purposes
this logarithmic dependence can almost certainly be
ignored. We also found numerically a power-law expo-
nent for flow near the wall with value y = 2.0 + 0.1.
The power is numerically independent of the density p
of the adsorbed loops (a fact consistent with the scaling
of the velocity with p~1, which was also found); however,
it may depend on the mathematical details of the model
to some extent. In particular we showed that doubling
the hydrodynamic scattering by the lowest Zimm mode
of each loop increased the power y somewhat (although
doubling the scattering from all the modes is equivalent
to a density increase and would have no effect). A
similar increase was found on replacing all the loops in
the homopolymer layer by tails of the same overall size
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(a procedure which also affects mainly the lowest modes
of each chain). While neither of these changes have
much plausibility as alternative models of the adsorbed
layer, they do show a residual sensitivity in our model
to the assumed chain geometry. For example, we have
decomposed the layer into a power-law distribution of
closed loops, free to cross the surface but anchored at a
point. It is possible that a noncrossing constraint, or a
relaxation of our constraint that the loops return to the
origin (not merely the z = 0 plane), would give a similar
modification to the scattering kernel and hence to the
exponent y. The same applies to the inclusion of
screening effects which should also modify the scatter-
ing at the level of order unity factors (not more, because
of the marginal overlap condition). Despite these warn-
ings, we reiterate that our prediction for the exponent
y is the first to be based on anything more than pure
guesswork. Whether y represents a truly universal
exponent remains an open question until a complete
theory is developed.

A true homopolymer layer contains not only loops, but
also a small fraction of tails which may, however,
dominate the behavior at large distances (i.e., they can
influence Ry). Our formalism allows these to be incor-
porated as long as the tail length distribution is known
alongside that for loops. The apportioning of polymer
length between loops and tails is a delicate issue
however,220 and we confined ourselves in this paper to
a few representative calculations.

We have used our formalism to study the flow of fluid
through a narrow channel in which adsorbed layers are
present on each surface, and found confirmation of the
scaling prediction that the flux through the channel for
a given pressure drop varies as (h/Rp)Y~! for small
values of h, the channel width (a regime in which naive
use of the hydrodynamic thickness concept would give
zero flow). This might provide a more direct experi-
mental probe of the near-wall flow behavior than the
alternative technique of streaming potential measure-
ments which yield (in principle) the Laplace transform
of the velocity profile.

We turn now to our finite-frequency predictions for
the impedance response (complex hydrodynamic thick-
ness) of an adsorbed layer. Here the interesting behav-
ior is when wtmax is large (with tmax the longest Zimm
time). Despite being able to probe several decades of
frequency before reaching 7min ™ (the response frequency
of the highest modes), we have been unable to extract
a power law from our data. We are therefore not able
to test the recent prediction of Sens et al.’® that the
complex hydrodynamic thickness should scale as Ry ~
(iw)~Y3. Our data show a clear decreasing trend in the
real part (the layer becomes increasingly transparent
to high-frequency flow), but no matching trend is seen
in the imaginary part (elastic response) until the high-
frequency cutoff is encountered. On the basis of our
data, it seems that rather large values of wtmax are
needed before any scaling asymptote is reached.

Finally, we discuss the prospects for predicting the
properties of adsorbed homopolymer layers under strong
flows, in which the layer structure, as well as the flow,
is significantly perturbed (yTmax > 1). As mentioned
previously, our formalism could handle this case in
principle, at the expense of an extra self-consistency
iteration to calculate the deformed polymer profile.
(This would assume that the anchor points of the loops
remain fixed—which is by no means certain.) With
present computational resources, and also because the
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underlying physics is poorly understood, it seems more
profitable at present to pursue a qualitative, scaling
approach to this nonlinear regime. Calculations along
these lines for end-attached brushes have been pre-
sented recently;1? similar studies for adsorbed ho-
mopolymers are in progress.2! However, an important
ingredient of the scaling theories is the idea that the
innermost part of the layer is relatively unperturbed
by flow. (This same idea forms the basis of Sens et al.’s
scaling predictions for low-amplitude, high-frequency
shear.1®) The scaling approaches to nonlinear flows
therefore require as input a model of the linear response
behavior, such as the one provided in this paper.
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Appendix: 1-D Hydrodynamic Propagator for
Layers

As discussed above, due to translational invariance
in the x—y plane, it is only necessary to keep the ky =
ky = 0 components of the fully 3-D quantities appearing
in the hydrodynamic equations. However, for the Oseen
tensor, an integration over a region in the x—y plane
(corresponding to a planar area of force producing shear
flow or boundary forces) results in an additive constant
contribution, D, that scales with the area of integration.
In particular, we can write (using units such that 2z
=1)

G,=G+D (43)

where G = —|z — Z'| and is independent of the area of
integration (see eq 28). The operator returning the
perturbed flow from the original flow in the absence of
polymer is given by eq 27, and can be rewritten as

Po=[+GyT] '=[1+GT+D-T]™"
=[I+P-DT] P

={1+D[fdz P(z.2)][fdz T(z,2)]} P

where P =[I + G-T]™%. The integrals appearing in the
last equation imply that the combination P-D-T is even
in both coordinates. Convolution with an antisymmetric
source then cancels this term to zero, leaving

Poug=P-ug (44)

confirming that the constant D projects to zero when
convoluted with an antisymmetric source, such as two-
sided shear flow.

For symmetric sources, such as those for parabolic
flow, the cancellation is not automatic, and depends on
the boundary forces cancelling the total integrated force,
as we will now explain. The final fluid velocity can be
written as

U= GyFy = Gy[l + T-Gy] F, (45)
where

Fo=Fpress T F (46)

wall
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includes the original uniform force due to the pressure
gradient, Fpress, as well as the to-be-determined bound-
ary forces, Fyan O 6(z — h/2) + 6(z + h/2), needed to
constrain the fluid velocity to vanish outside of the
plates. The total of all the final forces acting on the
fluid, Fit, can be decomposed as

Fot=Fo+F (47)

poly
where Fpqy is the scattered force off the polymer (which
is localized near the walls).

Consider now the constraint that the flow be a
constant outside of the local region of the polymer and
walls. Symmetric sources will produce in the far field
a fluid velocity

u@z) = (U2)[Gy(z.2') + Gy(z,—2)]-Fin(2))

=12)(—|z = Z'| — |z+ Z'| + 2D)-F((z)) (48)

~ (—|z| + D) [dz' Fiu(2)

where the constant is seen to represent overall trans-
lational motion of the entire system due to any net
integrated force (in the localized source region) multi-
plied by the area over which the force is applied. More
significantly, a constant fluid velocity outside the region
of the polymer-coated walls implies that Fi: has zero
integrated strength. Since Fpoy is in general nonzero,
this means the magnitude of the original boundary force
Fwan is reduced by an amount equal to the integrated
polymer drag force. From eq 45 above, we can then
write
Fo=[+T:G+ T-D]‘F,
=1 + T-G]-Fy, (49)

and so

Fot=[1+T-G] 1'(Fpres,s + Foan) (50)
Provided the term [I + T-G] 1-Fyan (the total scattered
force off the polymers originating from Fyan) does not
integrate to zero (which in general it will not), there is
a unique value for the magnitude of F,, that produces
zero integrated strength for F;. Equation 50 then leads
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to the expression for the velocity profile
U= GyFi = G -Fyy (51)

which is independent of the constant D. To conclude,
the prescription is therefore to adjust the boundary
forces to balance the net integrated strength of the
polymer and pressure forces (and thereby set the
velocity to zero outside the walls); having satisfied the
conditions of this boundary force, the constant D has
no effect on the final flow profiles.
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